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Fig. 3 Variation of UTj/b and U*2 T2/v with Reynolds number.

mean temperature T2. A typical trace of the signal is shown in
Fig. 1, illustrating the method adopted for identifying the two
time scales. For the evaluation of Tl and T2, a sufficient
length of the trace was used until consistent average values
were obtained. Based on these data, the nondimensional
parameters (namely, UTj/d, UT2/d, U2

#T1/v, and U\T2)
were calculated and the results are shown in Figs. 2 and 3. It
can be observed that the values of UT2/d and U^Tj/v are
nearly constant at 1.9 and 40, respectively, irrespective of
Reynolds number Re, whereas UTj/5 as well as U\T2lv vary
with Re. The value of UT2/d obtained in the present in-
vestigation is in reasonable agreement with earlier
measurements of zero crossings of the fluctuating turbulence
signals,6 as well as with the results obtained employing
autocorrelation and selective filtering techniques.3"5 Hence, it
is justifiable to assume that T2 in the present measurements
represents the period when large eddy-like structures are
present in boundary-layer flows.

The independence of U2
ifTllv with Re presents an entirely

different picture, which suggests that the wall shear fluc-
tuations are influenced by some effect different from the
large-scale motions. This result seems to have relevance to the
streaks and oscillatory motions, observed by Kim et al.1 very
close to the wall in a turbulent boundary layer, that later
coagulated into bursts in a quasiperiodic manner. According
to them, the period of these visually observed bursts ( T 3 )
follows the relation, T3 =0.001 \Q2Ui, where T3 is in seconds
and U* is in feet/second. Assuming that their experiments
were carried out at a comfortable temperature of 30°C, the
kinematic viscosity for water being 1.77/105 m2/s, the value
of U\T3lv would be around 110.0 and independent of Re.
This value of 110.0 in nearly twice from that of UlTj/v in the
present experiments. However, their independence with R
could mean that Tl and T3 are governed by the same physical
process. The authors speculate that these wall eruptions might
undergo pairing as they are lifted away from the wall, hence
7^=27-;.
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A New Aerodynamic Integral Equation
Based on an Acoustic Formula

in the Time Domain
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Nomenclature
7 ;5= \b\

= speed of sound

local mean curvature of the blade surface
\Mn+\1cos6
local Mach number vector based on c, Mn — M-n,
Mr = M-f
projection of the local Mach number vector on
the local plane normal to the edges (e.g., trailing
edge) of the blade surface, Mp = \Mp I
projection of M on the local tangent plane of the
blade surface for fixed source time r,
Mt = \Mt\=vt/c
unit normal to/= 0, r fixed
acoustic pressure
p[y("n>T)>T] blade surface pressure described in a
frame moving with the blades
Eqs. (3 a) and (3b), respectively

x—y, r = \x—y\
unit radiation vector r/r
unit vector in the direction of the projection of r
on the local plane normal to the edges (e.g.,
trailing edge) of blade surface, T fixed
projection of the unit radiation vector r on the
local tangent plane to /=0, T fixed (not unit
vector \t} I = sin#)

angle between n and r
principal curvatures
normal curvature along b
normal curvature along t

Received Aug. 10, 1983; revision received Dec. 13, 1983. This paper
is declared a work of the U.S. Government and therefore is in the
public domain.

* Aeroacoustics Branch, Acoustics and Noise Reduction Division.



1338 AIAA JOURNAL VOL. 22, NO. 9

P0
(j)a])ab

Gu> °22

=unit inward surface vector perpendicular to an
edge (e.g., trailing) of the surface/^ 0, T fixed

= density of undisturbed medium
= length parameter on/=0 along Mt> tlt and b,

respectively
- two components of tensor

(t}tj -MtMt + tjMt + Mtt1 ) I A2

= local angle between r and an edge of /= 0

addition, we define

= angular velocity

Introduction

A RECENT article by Hanson1 presents two integral
equations for the calculation of aerodynamic loads on

advanced propellers. One of these equations [Ref. 1, Eq.
(25)] is based on the accleration potential approach. Han-
son's integral equations are obtained from an acoustic for-
mulation in the frequency domain for infinitely thin airfoils.
His final results are applicable to propellers moving at
uniform forward and angular velocities. Thus, unsteady aero-
dynamic effects can be analyzed if the mean blade position in
space lies on a helicoidal surface generated by such uniform
motion of the propeller.

Recently, Long2 has derived an integral equation for
aerodynamic calculations based on an acoustic formula in the
time domain derived by the present author.3 Long has
demonstrated the usefulness of this approach by several
applications. His main result is valid for bodies moving at
subsonic speed. It is the purpose of this Note to present a new
aerodynamic integral equation for bodies moving at transonic
and supersonic speeds based on a new acoustic formula in the
time domain.4

Derivation of the Main Result
The present derivation is based principally on Eq. (36) of

Ref. 4, which was derived to calculate the noise of the outer
portion of the blade traveling at high speed. The acoustic
formulation is based on the Ffowcs Williams-Hawkings (FW-
H) equation,5 retaining only the thickness and loading terms.
In the following, the conventional thickness source term,
rather than the Isom6 one used in Ref. 4, will be utilized. The
governing equation for a moving body described by/= 0 is

0)

where v ,=(V, d/cdt).
The solution of this equation for the loading noise, which

involves two surface and three line integrals, is

F=0
b / J ret

A /ret
F=0 TE

;[
( p b p ) u + ( p b v ) , >-\ dy

f
- J

Shock
traces

In this equation, r= \x—y\ where x and y are the observer
and source positions, respectively, and r the source time. The
surface E is defined by [/Cv,r)]ret = F(y;jt,0 = 0 and the curve
7 is generated by the intersection of the collapsing sphere
g = T-t + r/c = Q and the edges and shock traces on the blade,
see Fig. 1. Other symbols are defined in the Nomenclature. In

(p (3a)

(3b)

Note that we have corrected a misprint in QF and an error in
QN in the original reference.4 Also the line integral over the
trailing edge (TE) is written in a more general form that is
valid when the Kutta condition does not hold. The subscripts
u and 1 stand for the upper and lower surfaces, respectively.
For thickness noise, in Eq. (2) replace/? andpB by p0v2

n in the
surface integrals adding Q'F to the term in parentheses of the
first integral. In the line integrals over TE and DEFD, replace
pbv by p0c2Mnb'v where we have defined bf

v=(Mnb + Mt)-p.
There are no line integrals over the shock traces.

To derive the aerodynamic result, one must move the
observer onto the surface of the blade. However, it can be
shown that the second surface integral in Eq. (2) and a similar
one for the thickness term are divergent. In fact, it is of the
type known as semiconvergent, that is, it can be given a value
by regularizing the integral (or taking the principal value in
some sense). It is helpful to recognize that there are many
ways of regularizing divergent integrals, leading to different
analytic expressions for the aerodynamic integral equation,
all of which are equivalent.2'7 The particular regularization
selected must be tailored to numerical calculations. In the
present derivation, a regularization of the near-field term of
the acoustic formula based on the collapsing sphere approach
will be presented. This is done because the collapsing sphere
approach is the preferred technique in noise calculations of
bodies moving at transonic or supersonic speeds. The process
is described as follows. Remove a small hole from the body
surface /=0 in such a way that the near-field integral is
convergent. This is possible because of the semiconvergence
property of the integral. Next move the observer to the cap of
the hole and evaluate the integral as the observer reaches the

I.E.

- R O U N D E D T I P

Fig. 1 Geometry of the supersonic portion of the blade.

Fig. 2 Shape of the hole used on the body surface to regularize the
divergent integral of Eq. (2).
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surface of the cap. The shape of the hole cut from the surface
in this Note is produced by the collapsing sphere of radius
r<€, where e>0 is a small fixed number. The observer is
assumed to reach the surface when r = 0. The shape of the hole
is shown in Fig. 2 for the observer on the supersonic portion
of the blade.

It is easy to show that the near-field term, which is

(4)

is now convergent. To see this, note that when the observer
reaches the surface at time t, the corresponding collapsing
sphere intersects the local tangent plane in a circle (F curve)
along with cos6=Afn [see Eq. (6a), letting 6 = 0]. Since QN is
proportional to X and the latter is proportional to cos0 — M n ,
the high-order singularity of Eq. (4) is removed. We now must
find the contribution of the cap of the hole, which is of the
shape shown in Fig. 2.

The limiting process to calculate the contribution of the cap
is as follows. Take 6>0, fix e, and set the observer at a ver-
tical distance 6 above the desired point on the surface at time
/. Evaluate the integral in Eq. (4) and then let 6 approach zero.
Finally, let e approach zero also. We assume c(t — r)<e in the
collapsing process of g = 0. Figure 3 shows the geometry of the
collapsing sphere process at two times. The two planes are the
local tangent planes. By expanding q=p + p0v2

n in a Taylor
series in the vicinity of the observer position, we note that we
must study the contribution of the cap to the integral

cQN
r2sinO dFdr (5)

where q0 is the value of q at the observer position. In the
integral above, the time integration is over cf<e, where
T = t — T. The above integral can be evaluated analytically as
follows.

Referring to Fig. 3, note that

5_
cf

r f
J J

/-— r-ct

R = rsinO

=

r2sin6
cdf
r

(6a)

(6b)

(6c)

where r; is the value of r when the collapsing sphere leaves the
body. From Eqs. (5) and (6c), the following is obtained

1 i r x A~ s r (cosfl-Mjxx,— = — 27r\ -cdT—4ir\ ——————-——-cdfq0 JT; r Jr; r

-2>jrII-4irI2 (7)

T<t

Fig. 3 Geometry of the intersection of the collapsing sphere with the
local tangent plane for the evaluation of Eq. (5).

An easy way to integrate // and I2 is to introduce the new
variable z = cos0 and use Eq. (6a). It is found that

r _ _

dz

dz
(8)

n)dz

_2a, dz
(9)

The limits of all these integrals are from Mn + 6/e to 1. The
integrals in Eqs. (8) and (9) can now be evaluated to yield

After substituting the limits and letting 6—0, we obtain

1= (11)

Our main result is obtained by noting that// on the left of
Eq. (2) is in fact p. We now drop the subscript of q0 and use
p + p0v2

n instead. Using Eq. (11), Eq. (2) can now be written as

(12)

Here Ie denotes all the acoustic integrals with the surface
integrals evaluated on/=0 with a hole of the shape shown in
Fig. 2. Equation (12) is the aerodynamic integral equation in
time domain and is the main result of this Note.

Conclusion
Equation (12) is a singular integral equation that must be

solved to find the unknown surface pressure p. It was derived
for application to advanced high-speed propellers where the
use of thin blade sections allows linearization of the aero-
dynamic problem. There is little hope of obtaining a closed-
form analytic solution of Eq. (12) for such propellers due to
the complexity of modern designs. However, numerical
techniques such as the Galerkin or collocation methods are
available.

It should be noted that the present integral equation does
not have some of the restrictions imposed in the derivation of
Hanson's equations.1 These restrictions are an infinitely thin
airfoil, the uniform propeller-like motion of blades, and the
approximation of source positions on a helicoidal surface.
The arbitrary motion of the blades in the present formulation
will allow the study of nonuniform in-flow to the propeller. It
is also noted that no complicated infinite series of special
functions with questionable convergence properties appear in
the present formulation. The experience of Long in solving
the subsonic integral equation2'3 indicates that the matrices
involved in the inversion process are well behaved. This is
another important advantage of using integral equations in
the time domain as compared to those derived in the
frequency domain.

It is seen that, for a blade with a blunt leading edge (LE)
and moving at supersonic speed, there is a singularity in the
integral equation near the LE where Mw = l. However, the
assumption of small perturbations breaks down near the blunt
LE, making the integral equation invalid. The present
generation of blades uses sections with very small LE radius
that can be assumed sharp. However, another line integral
over the leading edge similar to that over the trailing edge will
appear in the acoustic formulation.
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function, and tf the duration of the pulse within a period. The
periodic pulse excitation F( t) is shown in Fig. 1.

Assuming that steady-state conditions are obtained after
sufficiently large n = N, the system response will satisfy the
following conditions:

x(NT)=x[(N+l)T]=A

x(NT)=x[(N+l)T]=B (2)

where A and B are to be determined.
The system response during NT<t<(N+l)T may be

written as

(3)

where % = t — NT and h ( t ) is unit impulse response of the
system. Substituting for h ( t ) (Ref. 1) andF(f) in Eq. (3), the
following response is obtained:

Steady-State Response of Vibrating
Systems to Periodic Pulse Excitation

R. B. Bhat*
Concordia University, Montreal, Quebec, Canada
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Introduction

MACHINES and structures are often subjected to
periodic pulse excitations. Examples include punch

presses, rolling mills, gear teeth, and internal combustion
engines. Two common methods to obtain the steady-state
response of such a system are:

1) The Fourier series method, in which the periodic pulse
excitation is expanded in a Fourier series and the system
response to each term in the series is summed.

2) The Laplace transform method.
Both methods involve summation of series. In this Note, a

simple closed-form expression is obtained for the steady-state
response of a system, using the convolution integral along
with the unit impulse response. !

Analysis
The equation of motion of a simple vibrating system with

mass m, stiffness k, and damping coefficient c can be written
as

F(t)=F0 nT<t<nT+tf

= 0 nT+tf<t<(n + l)T

x=x=0fort<0 (1)

where un = (k/m)'/2 is the system natural frequency,
£=c/2mun the damping ratio, Tthe period of the excitation
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(exp( - fw^*) [fwnSi

(4)

where £* = £ - t f . Utilizing the conditions of Eq. (2) in Eq. (4),
it is possible to obtain equations of the form:

(5)

The constants A and B are obtained by solving Eq. (5) as

A=

(6)

The steady-state response is obtained by using these values of
^andBinEq. (4).

The response of the system obtained by summing the
responses of the system to each term in the Fourier series

UJu
cr
O

nT nT+t. (n + DT (n

T I M E ————~

Fig. 1 Periodic pulse excitation.


